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DETERMINATION OF THE CHARACTERISTICS OF TAPERED WINGS

By Ravaonp F. 'ANDERSON

SUMMARY

Tables and charts for use in determining the character-
istics of tapered wings are presented. Theoretical factors
are given from which the following characteristics of
tapered wings may be found: The span lift distribution,
the 1induced-angle-of-attack distribution, the lift-curve
slope, the angle of zero Uift, the induced drag, the aero-
dynamic-center position, and the pitching moment about
the aerodynamic center.

The wings constdered cover the complete range of taper
raiios and a range of aspect ratios from 2 to 20. The
factors given include the effects of sweepback and twist
and apply to wings having a straight taper plan form with
rounded tips and an elliptical plan form. The general
formulas of the usual wing theory are also given from
which the characteristics of @ wing of any form may be
" caleulated when the section characteristics are known
from experiment.

In addition to the tables and charts, test resulis are
given for nine tapered wings, including wings with sweep-
back and twist. The test results verify the values com-
puted by the methods presented in the first part of the
report. A final section 1s given outlining a method for
estimating the lift coefficient at which a tapered wing
begins to stall. This method, which should be useful for
estimating the maximum lift coefficient of tapered wings,
18 applied to one of the wings tested.

INTRODUCTION

A large amount of work has been done on the deter-
mination of tapered-wing chatacteristics from airfoil
theory. Glauert has given some of the characteristics
of wings with straight taper for a limited range of
aspect ratios (references 1 and 2). Hueber has given
other characteristics of wings with straight taper for a
large range of aspect ratios (reference 3). Several
other papers have given various characteristics of
tapered wings. The data of all the papers, however,
have been limited by one or more of the following
factors: Range of aspect ratio and taper ratio, number
of characteristics given, and omission of data on wings
with sweepback and twist. In order to provide more
complete information, data are given in this report for
2 large range of aspect ratios, for the complete range
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of taper ratios, and for wings with sweepback and twist.
As airplane wings are usually rounded at the tips, the
data are given for wings with rounded tips.

In addition to the theoretical characteristics, the
results of tests of nine tapered wings, including wings
with sweepback and twist, and a comparison of some
of the test results with theoretical values are presented.

The characteristics are given for wings having a
straight taper and rounded tips and for wings having
an elliptical plan form, with an aspect-ratio range from
2 to 20. For these wings, formulas are given using
factors that are presented in tables and charts. From
the formules and factors the following characteristics
of tapered wings may be determined: Span lift distri-
bution, induced-angle-of-attack distribution, lift-curve
slope, angle of zero lift, induced drag, aerodynamic-
center position, and pitching moment about the aero-
dynamic center.

METHOD OF OBTAINING DATA
BASIC CONCEPTS

‘When obtaining the data used to defermine the char-
acteristics of wings, a tapered wing is considered to con-
sist of a series of airfoil sections that may vary in shape,
chord length, and in angle of attack from root to tip.
Each airfoil section is assumed to have an aerodynamic
center through which the lift and drag act and about
which the pitching moment is constant.

With the section characteristics as a basis, character-
istics of the entire wing are obtained by integration
across the span. Formulas for the integrations will
first be given for a wing of any shape and zero dihedral;
that is, the aerodynamic centers of all the sections along
the span lie in a plane which passes through the root
chord and which is perpendicular to the plane of sym-
metry. Wings of particular shape will be considered
later and a method for including the effect of dihedral
will be given.

For any tapered wing the span lift distribution may
be considered to consist of two parts. One part, which
will be called the ‘“basic distribution,” is the distribu-
tion that depends principally on the twist of the wing
and occurs when the total lift of the wing is zero; it
does not change with the angle of attack of the wing.
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The second part of the span lift distribution, which
will be called the “additional distribution,” is the lift
due to change of the wing angle of attack; it is inde-
pendent of the wing twist and maintains the same form
throughout the reasonably straight part of the lift curve.

In the designation of the characteristics of & wing,
lower-case letters will be used for section characteris-
tics and upper-case letters for the characteristics of the
entire wing. The basic and additional section lift coef-
ficients are then ¢;, and ¢;,. A complete list of sym-
bols follows. It is convenient to find the additional
lift coefficient for a wing Oy, of 1 and it is then designated
;. The two coefficients are related by c;,,=Ciey,,.
The total lift coefficient at any section is found from
the basic and additional coefficients from

Cto=01b+ OLGI,,I

where ¢;, is the lift coefficient perpendicular to the local
relative wind at any section as distinguished from ¢;,

which is perpendicular to the relative widd at a dis- |

tance. For convenience, however, ¢; will be used and
may be considered equal to ¢,

SYMBOLS

A, aspect ratio, */S.

b, span.

¢, chord at any section along the span.

¢, tip chord (for rounded tips, ¢, is the fictitious
chord obtained by extending the leading and
trailing edges to the extreme tip).

¢,, chord at root of wing or plane of symmefry.

S, wing area.

B, angle of sweepback, measured between the
lateral axis and a line through the aerody-
namic centers of the wing sections. (See
fig. 1)

¢, aerodynamic twist in degrees from root to tip,
measured between the zero-lift directions of
the center and tip sections, positive for
washin.

z, longitudinal coordinate, parallel to the root
chord.

v, lateral coordinate, perpendicular to plane of
symmetry.

2z, vertical coordinate in the plane of symmefry,
perpendicular to the root chord.

Zq.c.,  coordinate of wing aerodynamic center.

@, wing lift-curve slope, per degree.

@y, wing section lift-curve slope, per degree.

m, wing lift-curve slope, per radian.

e, Wing section lift-curve slope, per radian.
a, angle of attack at any section along the span.
a,, wing angle of attack measured from the chord
of the root section.
@a,, absolute wing angle of attack measured from
the zero-lift direction of the root section.
o, angle of zero lift of the root section.

ary angle of zero Lift of the tip section.
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ey Wing angle of attack for zero lift.
ay, section induced angle of attack.
¢, section lift coefficient perpendicular to the
distant relative wind.
Subsecripts for ¢;:

0, refers to section lift coefficient
perpendicular to the local rela-
tive wind.

b, refers to basic lift (Cp=0).

a, refers to additional lift (any C).

al, refers to additional lift (Cpo=1).
Ca,, section induced-drag coefficient.
Caq, section profile-drag coefficient.
Cm, ., Section pitching-moment coefficient about sec-
. tion aerodynamic center.
1, section lift.
m,,, section pitching moment due to additional lift
forces.
M,,, wing pitching moment due to additional lift
forces.
Cn,, wing pitching-moment coefficient due to addi-
tional lift forces.’
Oy, Wing pitching-moment coefficient due to basic
lift forces.
Cng, wing pitching-moment coefficient due to the
pitching moments of the wing sections.
Cx, ., wing pitching-moment coefficient about its
aerodynamic center.
Cy, wing Lift coefficient.
Cp,, wing induced-drag coefficient.

GENERAL FORMULAS

Formulas in terms of the section characteristics.—
The induced angle of attack at any section is obtained
from ¢; by

C:
ai=a——
Mo
The section induced-drag coefficient is obtained from

a; and ¢; from
Ca;=aCy

and the induced-drag coefficient for the entire wing
may be obtained by integration across the semispan
from the section values:
2 (o2
OD(—‘S 0 afchdy (1)
In order to obtain the aerodynamic center and the
pitching moment of the wings, 2 system of reference
axes was used ; the origin was at the aerodynamic center
of the root section and the axes were as shown in figure
1. The z axis (fig. 1 (a)) is parallel to the root chord,
and the y axis (fig. 1 (b)) is perpendicular to the plone
of symmetry with positive directions following the
vectors. The wing axis is the locus of the aerody-
namic centers of the sections and lies in the z—y plane.
The lift I and the coefficient ¢; of any section along the
gpan are represented in figure 1.
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A typical section with the aerodyna.mic center
located at a distance z from the y axis has & moment
arm of

2 CO8S «,

and a pitching moment about the lateral axis (fig. 1)
due to the additional lift force of

my=—1 co8 ad,
but the lift increment of any section is
la=c1gc

and the pitching moment for the entire wing is obtained
from

bf2
M, =-—2q cos a’fo ¢, cxdy

Aerodynomic center
of" any secfion
between, root and 1jp

/
7

Wing cerodynamic center;
A

Root-gection \
aerodynamic center, \

Roof—.secﬂm chord”’ RN
@ Tip-section cl'n:\r‘dJ N
a

(a) Determination of twist,

Root-section aerodynamic center
;

Construction f/;_o—'rs\écﬁm

| -
Wing aerodyrnamic /c\enfer
(b) Btraight-taper wing with rounded tips.

~Wing

= ™Elljpse
(¢) Distorted elliptical wing.
F16URE 1.—Form of wings.

Pitching-moment coefficients for the entire wing will
be based on a chord length of S/b so that

_Mb
Oﬁ_ES_’

The pitching-moment coefficient due to ‘the additional
lift forces then becomes

b
0,,,[.=—% cos a,j; ﬁcl. cxdy

The additional lift forces have & centroid through
which the lift may be considered to act. This point
is the aerodynamic center of the wing and its = coordi-

Aerodynamic center of construction rfp section
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nate will be designated z,.. (See fig. 1.) This dis-
tance corresponds to d in reference 4. The term
Cm, then may also be expressed

Om[ =—(%;.c. CO8 a:)gazl

If the previous expression for C’,;, is used, %, is
obtained as a fraction of S/b by

z, % c,-m:dy
SE= 5 @

The moment due to the drag forces has been omitted
because it is relatively small, except for wings with
large amounts of sweepback or dihedral.

The pitching moment of the basic lift forces is a
couple and is therefore independent of the axis about
which it is determined. The lateral axis was used to
facilitate computation but, when the pitching moment
is used, it is convenient to consider it constant about
an axis through the aerodynamic center. According
to the method previously used, the pitching-moment
coeflicient due to the basic lift forces is

b/2
Clny = i:ébﬁ o, cady

The cos as,_, (the cosine of the angle of zero lift of
the wing measured from the root chord) has been
omitted because it is practically equal to unity.

In addition to the basic lift forces, the pitching
moment of each section also contributes to the pitching
moment of the wing, which. is obtained by

b,
%bz . (4)/

The total moment about the aerodynamic center is
then the sum of the two foregoing parts

Omn.c. = 0’"15+ 0”’5

3)

0m8= Cma.c. szy

Formulas in terms of the coeficients of the Fourier
series.—In order to obtain data from the foregoing
formules, the spanwise distribution of the lift coefficient
(following Glauert) was expressed as the Fourier series:

Cz=4?b E.A,;Sin nd

where 6 is related to the distance along the span (fig. 1)
by y=(-b/2) cos ¢ and only odd values of n are used.
When ¢; is expressed in the foregoing manner, it is
possible to obtain the induced angle of attack in the
form
nd,, S0 78 gin né

'sin §

ai-—E

Also the coefficients 4, may be expressed in the form
An= naa,_l" Onf‘ -
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where «, is the absolute angle of attack of the root
section; that is, the angle of attack of the root section,
measured from its direction of zero lift, and ¢ is the
wing twist measured between the zero-lift directions
of the root and tip sections.

When the preceding expressions for ¢; and «, are
substituted in the foregoing formulas, the characteris-
tics are obtained in terms of the coefficients B, and C,,
which in turn are grouped into factors.

From (1) the induced-drag coefficient may be ob-
tained in the form:

2
Coi=-T 4 Cretap+ (eaw

where A4 is the aspect ratio, and

1 nB,
w -Bl [n 3,5 7 ]+1

”=17172.E [;7:13 (0 C‘B )]
A [2 n(C— B,)’]

n=3,5,7

In the determination of the aerodynamic-center
position, the wing axis is considered to be & straight line
and the angle of sweepback is g (fig. 1), then

z=|y|ten §
and from (2) the z coordinate of the aerodynamic
center is obtained as
Ta.e,
')'376‘ =HA tan $
where B
1
( +5 21+4 s+ -
{Sm [(n—2)w/2] sin [(n+2)7/2] D
4 n—2) n+2)
From (3) the moment due to the basic lift forces

becomes
Omlb:— —GGCLOA tan ﬁ

where a, is the section lift-curve slope for the wing and

“al@-a8 - )5GaE )]

{The term 0”% is equnl to Cn, in reference 4.)

Also from equation (4) the pitching moment of the
wing due to the pitching moments of the sections is
expressed as

O”'a= Ecﬂa.c.

where ¢, , is constant across the span and

=20 f ady

In addition to the foregoing formulas, the following
formulas were obtained in terms of B, and C, for other
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characteristics. The basic and additional lifts at any
point along the span were expressed by the dimension-

less quantities

and
B, .
L= éli Z, sin nﬁ]
T| n=1,8,57
so that
clb=€;—'—‘zSLb
and
clal=£L“
The lift-curve slope was obtained in the form
a=1TABl
57.3

By the introduction of the slope for an elliptical wing,

a mey be expressed
Qo

a=f W
where
j——- ( +57 .3a,
The angle of zero lift was obtamed in the form
“ax
i JU B__

The angle of attack of & wing may then by given by
a,=%‘ + a;o‘-l—Je

where a, is the angle of attack measured from the chord
of the root section, and a,, is the angle of zero lift of the

root section.

The general formulas and the factors used with them
have now been outlined. The manner of obtaining the
data will be completed by explaining the method of
finding the coefficients B, and O, used in computing
the factors.

Determination of the coefiicients of the Fourier
series.—The coefficients B, and C, depend on the shape
of the wing. The two wing shapes used are shown on
figure 1. Wing (b) has a straight taper plan form with
rounded tips and (c) an elliptical plan form. The
tapered wing is shown with sweepback and the elliptical
wing without, but either wing may or may not have
sweepback. The rounded tip of the tapered wing is
formed within a trapezoidal tip of length ¢, and the
taper of the wing is determined by the tip to root
chord ratio c.c,, The aerodynamic centers of the
airfoil sections lie on a straight line across the semispan
and form the wing axis. The elliptical wing is formed
by distorting an ellipse until the wing axis becomes
straight. In order to determine the wing axis, the
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aerodynamic centers of the airfoil sections were taken
at the quarter-chord point. The straight wing axis
may then be given sweepback with each chord moving
parallel to its original position. The same process
would be used to change the sweepback of the tapered
wing.

For the wings considered, the twist varies linearly
from root to tip and the total angle of twist is e. As
shown in figure 1, e is the twist measured between the
zero-lift directions of the root and tip sections.

Tapered wing.—For the tapered wing the coefficients
B, and O, were determined from the equation

aa=ZA, sin n 0 ;__chr% ®)
where &, is the absolute angle of attack at any section;
that is, the angle of attack measured from the zero-lift
direction for the section. The coefficients B, and C,
are related to A, by

An= naa,+ 0.6

where «,, 1s the absolute angle of attack of the root
section. The value of m, used in the preceding equa-
tion was 5.79 per radian, which approximates the lift-
curve slope of good airfoil sections. Xor the linear
taper a, becomes

a;=ag Fecos b

For a wing of any particular aspect ratio and taper
ratio, equation «5) was satisfied at four points along
the semispan by the usual method (except for ¢,/c,=0
for which six points were necessary to obtain sufficient
accuracy), and values of B, and G, for n=1, 3, 5, and
7 were found.

The elliptical wing.—Tor the elliptical wing the fore-
going fundamental equation may be simplified and a
new series of coefficients, independent of aspect ratio,
may be obtained. The coefficient 4, for n=3, 5, 7 .
 may be obtained in the form

where %, is determined from

cos 0= k3<1+sm 30) k5<1 sin 50)
+k7(1+sm 70)

sin 6

The factors for the elliptical wing then take the form

L,,=4A[Z 2

——=__5in nf
n=3,5,7, TA"I"nmo }

)
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@y

1_|_57 .3ay

_f_
J=‘—ka+k5_
u=1

ED
W=
11=l3. 5 7,

H—sTr

e

o2k, o,
(1 +5m° 4517(1 +Z"-£
7.

2k,

G=
51r<1 —I—3m°

E= 3:% (Cm, ., constant along the span)

The foregoing factors were obtained for the elliptical
wing and for a straight-taper wing with trapezoidal tips
for a range of aspect ratios from 3 to 20 and of taper
ratios from 0 to 1. The factors were also obtained for
the tapered wing with rounded tips for a sufficient
number of aspect ratios and taper ratios so that the
complete range could be covered using the factors for
the wing with trapezoidal tips as a guide. Cross plots
were then made to obtain figures 2 to 9 and the values
for wings with rounded tips presented in tables I and
II. Although the factors become less reliable as the
aspect ratio is decreased, it was considered desirable to
extrapolate the curves to an aspect ratio of 2 as the
factors in the low-aspect-ratio range may be of use in
the absence of other data. Additional spanwise lift-
distribution date computed for the elliptical wing are
given in table IIT.

USE OF TABLES AND CHARTS

In order to find the characteristics of a wing having
a straight taper and rounded tips or having an elliptical

" * | plan form, the tables and charts may be used directly.

The properties of the wing should first be determined;
that is, the taper ratio ¢,/c,, aspect ratio A, span b, the
area S, the aerodynamic twist e in degrees, the angle of
sweepback B, and the average value of section lift-
curve slope, as well as the section lift-curve slope a,,
the section pitching-moment coefficient ¢, ,, and the
chord ¢ at convenient stations along the semispan.

The chord and a, should be found at the spanwise
stations given in tables I and IT to facilitate finding
the spanwise lift distribution. Then, for the values of
¢cfc, and A, values of L, and L, may be found from
tables I and II by interpolation if necessary. The
section lift coefficients ¢;, and ¢, , are then found for each
station along the semispan from

="k
S
clﬂ=E-La
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FI1GURE 2—Chart for determining lift-carve alope.
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F1GURE 4.—Chart for determining induced-drag factor u.
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FIGURE 8.—Chart for determining induced-drag factor to.
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FIGURE 3.—Chart for determlning angle of attack.
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F1aURE 5.—Chart for determining induced-drag factor 5.
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F1GURE 7.—Chart for determining pitching moment due to seotlon moment.
C,, =Eca,,,

For ca, , constant across the span,
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and ¢; for any value of C, for the wing is obtained from

cl=clb+0L clal
|
.032 ERPE =
028 /5 ]
A ol AT 1 I N I Y B
] 7 1 g (7 ol e e B B
By aP= )
020 6= e —
¢ a2 =TT T
LT |4 1 !
.0/67,_;/ i —
o 3 ———
012 As,geacf rafo 2,
008
Straight-foper wing with rounded fpps | |
0091 — — Eutjptical wing .
HEEEEEN
0 / 2 3 4 5 & 7 8 .9 /o

Ta,ber ratio, c, /s

F1oure 8.—Chart for determining pitching moment dus to basie lift forces.
C.,‘——GeaoA tan g

| | 1
24 e/c=/0 | | 1T 1T——
ez = e e P Ll et LT [ [
20 — 2
H I~ - 2z
.18 T e e o U e e
0
/16
| Siraight-faper wing with roundsd 7
ST — Ellipficol w”j;; 1
[ S N MY S |
pElEEEEEEN
"o 2 4 & 8 o /2 14 16 18 20
Aspect rafo

F1GURE 8,—Ohart for determining asrodynamic-center position.

’ﬁ-m tan g
The actual basic, additional, and total lifts for any
section of the wing may then be obtained from

Ly=cy,gc
le=Cer 00
l=cyge

Values of [ may be computed for the various spanwise
stations and the curve of the span lift-distribution may
be plotted. Typical semispan lift-distribution curves
are shown in figure 10.

The semispan induced angle-of-attack distribution
may be obtained from
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%,=%‘+Je

The remaining characteristics are obtained simply
by finding the required factor for the desired values of
¢fe, and A from the charts and by computing the
characteristics from the formulas previously given,
using the average value of a, where q, is required. The
formulas are summarized here for convenience.
Lift-curve slope:

Angle of attack corresponding to any Cj:

C
ay="L+ay, +Je
Angle of zero lift:
a,w_o)=a,°.+Je

Induced-drag coefficient:

(0
Cp =7+ Creap+ (eao)*w
120
— 1 ™~ l
g/oo AR
Pl
:l: T
5% SN
& 60 P
Q N
. ‘\
g‘m \
\
\
N 20_ %
0 T o
g 2 4 6 & 10 /2 14 16 158 20

UOistance along semispan, feet
FIGURE 10.—Typical semispan lift distribution. Cr=1.2.

Pitching-moment coefficient about an axis through
the aerodynamic center:

Oma e 0m3+ Om 173
0”’3=E0ﬂa.a.

Oy, =—GeaoA tan B
Aerodynamic-center position (z coordinate):

Za.c,

S

Although C,, may usually be determined from the
foregoing formuls, equation (4) should be wused if
Cmg .. VOTies considerably across the span.

Hlustrative example.—In order to illustrate the

=HA tan 8

(1
aia=aa—a_o
where
aa=aa,+'b?//_2'€

method of using the charts, an example will be worked
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out for & wing with straight taper and rounded tips
having the following characteristics:
A=6
cife,=0.5
b=40 feet
S=266.7 sq. ft.
g=10°
0L=1-2
g=10 1b./sq. ft.

Root section: Construction tip section:

N. A. C. A. 4415 N. A. C. A. 2409

@o,= 0.097 Go= 0.099
a10‘=—3.8° a’°t=—1'7°

Comg.c,,=—0.083 Cng 0., = —0.044

The angle of twist measured between the chords of the
root and construction tip sections is —5° (washout).
Then, by the use of the angles of zero lift of the root
and tip sections and by reference to figure 1, the angle
of aerodynamic twist is determined to be —7.1°.

The chord at several stations along the semispan
and the calculation of the lift distribution are given
in table IV. In the table, a; and ¢a,, are assumed
to have & linear variation along the semispan. Values
of L, and L, were obtained from tables I and I for
an aspect ratio of 6 and a taper ratio of 0.5 and the
basic, additional, and total lift distributions were com-
puted and plotted in figure 10. The pitching-moment
coefficient ¢, , varies so much along the semispan
that Cn, cannot be found by use of the factor E but
must be found from (4). Accordingly, ¢m, ¢ is
plotted against y in figure 11 and Cn, is found from the
area under the curve to be —0.072.

-8
u"‘s\\
b~
0 ™~
ou4 ~1_|
5_2 [ |
\\
0 2 4 ) & o /2 4 /& /8 20

Distarce along semispan, feef
F1GURE 11.—Graphical determination of section pitching moment.
2 (o
C.'_'—?J'D Cm, , C2dy=—0.072

From figures 2 to 9 and-the equations on page 7
the remaining factors and characteristics are deter-
mined to be

7=0.998 a=0.0755
J=—0.408 a,=15.0
4=0.995 G gagy="—0.9
»=0.0001 G, =0.0786
w=0.0039
6G=0.0199 Cmy,=0.015
H=0.214 Tq..=1.51 ft.

Crg..=—0.0724-0.015=—0.057
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Method for wing of special form,—If it is desired to
find the characteristics of & wing having a chord dis-
tribution that lies between the chord distributions of
the tapered and ellipticel wings, such as a wing with a
constant-chord center section, an interpolation may be
made between the values for the tapered and elliptical
wings to find most of the characteristics.

The lift distribution for such wings may be found by
an approximate method that has been tried for a few
wings having parallel center sections and has given
satisfactory results. The method has been taken from
reference 5 with the symbols converted to the notation
of this report. Approximate values of L,;, which will
be designated L,’, may be calculated from

1<> (Faet?)
I

b2

V=

e
b2

The procedure is to choose & number of points at con-
venient intervals along the semispan (12 points should
be sufficient for the usual plan forms); then from the

V()
values of ¢ at those points the mean value of _Wﬂ

b/2
is calculated. The value of «, may then be found and
from the values of ¥ and ¢, L,’ at each point along the
semispan mey be computed. The values of L,’ should
correspond to a Cp approximately equal to 1. The
actual Cp may be found from

0= [, 2d(3f)

and O, may be conveniently found from the area under 8

where

mean

curve of L,/ plotted against b}lz Finally, L, may be

found from L,=L,[C.. Values of ¢;; may then be
calculated by the previously indicated method and, if

desired, Cp, and 2%

S
and (2).

If & wing has considerable dihedral or a curved wing
axis, an integration may be made directly from the
section characteristics. For this purpose, the best
procedure would be to resolve the section values ¢,
and ¢4, into components along and parallel to the =
and z axes, where the z axis is perpendicular to the
z axis and lies in the plane of symmetry. Owing to
dihedral, there will be & vertical coordinate of the aero-

may be found from equations (1)
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dynamic center and a pitching moment about the aero-
dynamic center of the force components in the x direc-
tion., The coordinates of the aerodynamic center and
of the pitching moment about it may be found from
integrations like (2) and (3) by substituting the appro-
priate values of the z and z force components. For
example, ... would be found from

2 (o2

g A c,aca:dy

Cs,

a
2 b/e
Oza == B‘,J; (%

Ta.c.=

where
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to the desired angle of twist and the sections between
the root and tip were then formed by using straight
lines between corresponding stations of the root and
tip sections. Formation of the wings in this manner
results In & nonlinear distribution of twist along the
semispan. In plan view the quarter-chord points of
the sections lie on a straight line across the semispan;
the sweepback was measured between this line and
the lateral axis.

Three different amounts of sweepback, 0°, 15°, and
30°, and three types of airfoil sections, symmetncal
cambered, and reflexed, were used.

As the wings differ primarily in airfoil section,

The values of ;... and Cz, may be found by plotting

Rool section

sweepback, and twist, a convenient designating number

Tip section I IpéLI I
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F1GURE 12—Tapered N. A. C. A. 00-0-0 alrfoil.

ez and c.,c against the distance along the semispan
and finding the area under the curves.

TESTS OF TAPERED WINGS

In order to provide test data on tapered wings,
including wings with sweepback and twist, and to
provide a check on the previously outlined method of
computing characteristics, nine tapered wings were
tested. The plan forms and sections of the wings are
shown in figures 12 to 20. The aspect ratio of all the
wings was 6; the taper ratio of eight of the wings was
0.5 and of one wing was 0.25. For all the wings the
thickness ratio of the root section was 15 percent and
of the tip sections 9 percent. The tip section was set

136692—37——34

Lift coefficient.
Coa,. .. =Mb[gS?

was used to distinguish the wings, such as 24-30-8.50.
In this number 24 designates the N. A. C. A. airfoll
mean line, i. e., 2 means 0.2 chord maximum camber
and 4 that the maximum camber is at 0.4 chord; 30
gives the sweepback in degrees; and 8.50 gives the
washout in degrees.

The wings are listed in table V. The first two wings
have no sweepback and no twist and differ only in
airfoil section. The next two have increased sweep-
back. The five remaining wings are examples of
various methods of combining sweepback, twist, and
airfoil section to obtain wings having a small positive
pitching moment; such wings would be suitable for
tailless airplanes. The amounts of twist and of
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FIGURE 20.—Tapered N. A. O. A. 00-15-3.45 (4:1) airfoll.
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sweepback necessary to obtain the desired pitching
moment were determined by the method previously
given for computing pitching moments, except that
data for wings with trapezoidal tips were used. The
24-30-8.50 wing has sufficient twist t0 obtain the
desired pitching moment using a cambered section
and 30° sweepback. The 2R,;-15-8.50 wing has the
same twist but half the sweepback and a reflexed
airfoil section to obtain a positive pitching moment.
The 2R+~15-0 airfoil has no twist and increased reflex.
A symmetrical section together with twist is used for
the 00-15-3.45 wing, while the last wing has the same
twist and sweepback as the previous wing but a taper
ratio of 0.25.

The variable-density wind tunnel in which the tests
were made is described in reference 6 together with
the method of making tests. The lift, drag, and
pitching moment of the wings were measured at a
tank pressure of 20 atmospheres.

The results of the tests, corrected for tunnel-wall
offect, are given in the form of dimensionless coeffi-
cients and are plotted in figures 12 to 20. The lift-
curve peak is given for two values of effective Reynolds
Number to indicate the scale effect. The effective
Reynolds Number, at which the maximum lift coeffi-
cients apply in flicht, is the test Reynolds Number
multiplied by a turbulence factor, 2.64.

In order to make possiblé a more accurate reading of
drag coefficients than can be made from the plots
against angle of attack, a drag coefficient has been
plotted against lift coefficient with the induced drag
for elliptical span loading deducted; that is
Ot '

A

The coefficient Cj, is called the “effective profile-drag
coefficient” and is useful for comparing the drag of
tapered wings, as it includes with the true profile drag
any additional induced drag caused by a departure
from the ideal elliptical Iift distribution. Notice
should be taken that Cp, cannot be used like a profile-
drag coefficient to compute the effect of change of
aspect ratio but applies only to the particular wings
tested. The values of Cp, have been corrected to the
effective Reynolds Number (references 7 and 8) by
allowing for the reduction in skin-friction drag due to
the change from the test to the effective Reymolds
Number. The reduction amounted to Cp=0.0011.

The pitching-moment coefficients plotted against the
lift coefficient are given about an axis through the aero-
dynamic center of the wings in order to obtain a prac-
tically constant value of pitching-moment coefficient.
The aerodynamic center was determined from the
slope of the test pitching-moment curve. The loca-
tion of the aerodynamic center is given on the plots by
its distance from the leading edge and above the chord
of the root section. These distances are given as
fractions of the ratio of area to span, S/b.

OD,=0D_
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The shapes of the lift and pitching-moment curves
near maximum lift provide information on the na-
ture of the stalling of the wings. The 24-0-0 wing
has a sharp drop in lift after the maximum, indicat-
ing that stalling occurs almost simultaneously over
a considerable portion of the wing. Also the Cn,
after the stall is like that of normal wings. In con-
trast to this wing, the 24-30-0 wing, which has the
same airfoil sections but 30° sweepback, has a rounded
lift~curve peak, indicating that stalling occurs pro-
gressively along the span. The pitching-moment
coefficient is positive after the stall, which shows that
stalling begins at sections behind the aerodynamic
center. Washout, as in the case of the 24-30-8.50
wing, reduces the tendency to stall of sections behind
the aerodynamic center, which may be verified by
reference to the Cn, , curve. Stalling, however, still
begins behind the aerodynamic center, as the Cn, , is
positive after the stall. All the wings, except the
24-30-0 and 24-30-8.50, are stable after the stall.

The important test results for all the wings are
summarized in table V. The coordinates of the aero-
dynamic center are expressed as fractions of S/b. The
24-0-0, 24-15-0, and 24-30-0 wings show & decrease of
Ci,... 88 the sweepback is increased. For the 24-30-
8.50 wing, the effect of sweepback is partly compen-
sated by twist, which reduces -the tendency to stall
of the low Reynolds Number sectiéns near the tips
and therefore increases C._ . The drag, however, is
also increased. Of the wings designed to have a small
positive Cn, the 2R;~15-0 wing has the highest ratio
of OI"”a‘/CD’mtm

COMPARISON OF TEST AND CALCULATED RESULTS

Pitching-moment characteristics, lift-curve slope,
and drag.—The lift distribution and other theoretical
data used to determine the desired pitching-moment
coefficient of the wings are now used to predict other
characteristics. In addition to Cn, the serodynamic-
center position, the angle of zero lift, and the lift-curve
glope have been calculated. The values of @ were cal-
culated from the formula in figure 2. In this formula
a value of @, corresponding to the g, for the N. A. C. A.
0012 and 2412 sections at a Reynolds Number - of
3,000,000 was used, inasmuch as the effect of variations
of ay with section and Reynolds Number is small, As

-| the value of a; used in the formula was derived from

tests of rectangular wings, a correction for square tips
has been applied in order to obtain a better value of the
section lift-curve slope. The correction, derived from
tests of wings with rounded tips, is given in reference 9.

The calculated values of the pitching-moment coeffi-
cient at zero lift, the aerodynamic-center position, the
angle of zero lift, and the lift-curve slope are generally
in good agreement with the test values (table VI).
The agreement of the pitching-moment coefficient at
zero lift and the asrodynamic-center position, which are
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celculated from the basic and additional lift distribu-
tions, respectively, indicate that the theoretical lift
distributions must also agree reasonably well with the
actual distributions.

In addition to the foregoing characteristics, the drag
has been calculated for the 00-0-0 and 24-0-0 airfoils.
The comparison between calculation and experiment
is based on values of the effective profile-drag coeffi-
cient. The calculated values were obtained from

2 (2 2
OD,=S'J; CdOCdy’{‘OD;—'S—f,l

In order to find the value of the integral, values of
¢4, were determined as follows at several points along
the semispan for convenient values of total wing C;.
For each value of Oy the distribution across the semi-
span of ¢;, Reynolds Number, and thickness ratio were
calculated. Then, for each point on the semispan,
¢4, was found for the appropriate ¢;, Reynolds Number,

6 B R o e
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FI10URE 21.—Determination of the Cz at which a tapered wing begins to stall.

and thickness mtio, using data that are expected to be
published soon in a report concerning scale effect on
airfoils. From the values of ¢4, a-curve of csc was
plotted against ¥ and the value of the integral was
determined from the area under the curve. The value
of Cp, was obtained for the formula previously given.
The calculated and test values of Cp, are compared in
figures 12 and 13. The agreement is considered good.

Estimation of maximum lift coefficient.—A final
characteristic to be estimated is the maximum lift
coefficient, which should be nearly equal to the Cf at
which stalling begins. The method of determining the
0, at which stalling begins is demonstrated for the
00-15-3.45 (4:1 taper) wing in figure 21. The lift
coefficient at which each section' along the semispan
stalls (shown by the dashed curve) was obtained by
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using the maximum lift coefficients of the symmetrical
sections given in reference 10 but with the values of
O e, increased 3 percent. This correction was made
for the same reason that a; was corrected; that is, to
allow for the effect of square tips and thereby to obtain
a closer approach to true section characteristics.
Better section characteristics will be obtained as a
result of an investigation in progress but the correction
used is sufficiently accurate for the present purpose.
As the values of O, given in reference 10 were for a
Reynolds Number of 3,000,000, correction increments
were applied to correct the values of Cr__ to the actual
Reynolds Number of each section along the span.
Correction increments applying to various airfoil sec-
tions are expected to be published in the previously
mentioned report concerning scale effect on airfoils.

The curves of ¢; distribution -for several values of
wing Cp given in figure 21 were determined by the
method previously given for finding ¢; distribution.
As soon as the ¢; curve becomes tangent to the stalling
Cipmar CUIVe, the section at that point reaches its maxi-
mum lift coefficient and stalling should soon spread over
a considerable part of the wing. Thus, for the 00-15-
3.45 (4:1 taper) wing, stalling is indicated as beginning
near the tips, at a Cy, of 1.31. Stalling, however, is so
close to the tip that it may be modified by the tip
vortex. The measured Cy,, is 1.32, but this value is
probably low owing to the sweepback of the wing.
This method, when applied to several other tapered
wings without sweepback but having various taper
ratios and aspect ratios, gave a stalling O that was
within a few percent of the measured Cy,,,, for all the
wings; therefors, the method should prove useful for
estimating the C;,,, of tapered wings.

The 00-15-3.45 (4:1 taper) wing is an example of the
harmful effect of excessive taper on C;,,,. Large taper
not only tends to cause a low (i, .. but also tends to
cause stalling near the tips, which results in poor lateral
control at low speeds. Improvement could be obtained
by using less taper and thicker sections near the tips.

Although all of the characteristics of tapered wings
have not yet been satisfactorily calculated, it may be
concluded that the following important aerodynamic
characteristics—angle of zero lift, the lift-curve slope,
the pitching-moment coefficient, the aerodynamic-
center position, and the span lift distribution—ecan be
calculated with sufficient accuracy for engineering
purposes.

LaNgLBY MEMORIAL AERONAUTICAL I :ABORATORY,
NarionaL Apvisory COMMITTEE FOR ABRONAUTICS,
Lancrey FieLp, Va., May 1, 1936.
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TABLE I.—BASIC SPAN LIFT-DISTRIBUTION DATA
VALUES OF L, FOR TAPERED WINGS WITH ROUNDED TIPS c:b-:“:—%-SLx,
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TABLE I.—BASIC SPAN LIFT-DISTRIBUTION DATA—Continued
VALUES OF L, FOR TAPERED WINGS WITH ROUNDED TIPS Olb=%Lb

N| 0 0.1 I 0.2 I 0.3 0.4 l 0.5 l 0.8 ' o7 | os l 0.9 l 1.0

BPANWISE STATION b%—o.e

0. 052 0. 052 0. 051 0. 050 0. 050 0. 050 0. 050 0. 060 0. 049 0. 049 0. 048
.070 . 089 . 068 .068 . 068 . 068 . 068 . 068 - 068 . 068 . 068
. 085 . 082 . 081 . 080 . 080 . 080 . 080 . 080 . 080 . 080 . 080
. 099 .095 . 092 .081 . 001 . 091 .081 .01 . 080 . 090 .090
.109 . 107 . 104 102 .101 .101 . 100 .100 . 100 . 100 .100
119 117 .14 L1132 .11 .110 .110 .110 110 -109 -108
.128 . .121 .120 . 119 .119 .18 .118 .17 .116
.139 .188 -135 .132 .131 .1 .1 .129 .128 -128 -124
.148 . 145 .141 . 140 . 140 -139 . 187 . 136 134 .132 .130
. 165 .152 .150 . 148 . 145 .142 .141 - 140 .139 .138 L1385
.160 .158 . 154 -161 - 149 . 146 L1438 .141 . 140 .139 .138
. 185 .162 . 160 .168 L1582 . 148 . 146 .142 . 140 .139 .188
170 . 169 .165 .1 - 162 . 148 147 .143 . 141 .140 . 140

0.072 0. 079 0. 080 0. 082 0. 083 0. 085 0. 085 0.088 0. 088 0.084 0.081
. 088 . 088 .101 . 102 . 104 .108 .109 - 110 .110 .108 .108
. 100 L1138 .120 .123 2125 .128 .128 -130 -180 .130 -120
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.121 . 142 . 168 .163 .169 .172 L1738 .173 .174 174 -176
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.1 .182 « 200 . 210 -216 . 221 223 .27 .28 <225 .22
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. 161 <197 .28 . . 230 . 235 . 239 . 242 . 243 242 .38
.1 .01 .20 .32 .37 <241 . 245 . 248 248 .248 - 247

0.058 0.088 0.072 0.073 0.075 0.078 0.075 0.075 0.075 0.075 0.075
. 068 . 083 . 002 .0c8 . 098 . 100 - 100 . 100 .100 - 100 .100
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TABLE JI.—ADDITIONAL SPAN LIFT-DISTRIBUTION DATA
VALUES OF L. FOR TAPERED WINGS WITH ROUNDED TIPS
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TABLE II.—ADDITIONAL SPAN LIFT-DISTRIBUTION DATA—Continued
VALUES OF L, FOR TAPERED WINGS WITH ROUNDED TIPS, c,ﬂ:.:.f_g Le

cdes

3 0 0.1 03 03 04 0.5 0.6 o7 08 0.9 1.0

SPANWISE STATION ﬁ-z‘“
0.378 | 0.465 | 0.508 | 0.525 | o531 | 0.53¢ | 0535 | o536 | o557 | o8 | 0.5
.352 . 447 * . 500 . 528 . 543 . 552 . 559 . 564 . 568 571 . 575
31 | ‘435 | ‘195 | 2 | ss4 | se0 | s81 | oo0 | ss8 | exs | .609
314 | 421 | .00 | 831 | .560 | .583 | .600 | .613 | .62 | .60 | .636
. 300 .416 . 487 . 531 . 565 . 695 . 816 .631 .643 . 652 . 859
. 200 . 410 . 484 . 535 572 . 603 .628 . 648 . 660 . 671 . 678
oy | 403 | (481 | .me | 50 | ‘ez | ess | less | ler3 | e85 | -o06
968 | 383 | 473 | s | .89 | .68 | .65 | .e70 | .es8 | .712 | .7=m
o538 | lze | cae0 | is42 | ‘eo7 | ‘esd | em | .ess | .78 | .7 | [7m1
o5 | 370 | ‘488 | (55 | e02 | es8 | ‘ess | (v | .79 | (789 | 718
230 | 388 | 468 | .&47 | .609 | .65 | -698 | .72 | .766 | .780 | .80l
ose | lzer | a0 | (2 | e8| e | 7m0 | 78 | 3 | s | sz
‘31 | lse8 | ‘478 | (se0 | le2s | lem | 7zz | l7ee | 71 | lmi9 | Ists

SPANWISE STATION b%-o.as
0208 | 0.33¢ | 0.358 | 0.370 | 0.3 | 0381 | 0383 | a.383 | 0388 | 0.3%0
200 | .339 | .360 | .380 | .401 | .407 | .413 | .416 | .418 | .420
cosg | a2 | e | twe | 4z | tams | a3t | a0 | it | [us
vos1 | c34q | (m4 | 416 | 436 | a0 | Cass | l4s3 | [de9 | 471
a8 | isas | sz | 428 | ast | ae6 | 476 | .42 | 400 | 408
a2 | (346 | (398 | (433 | .d64 | .481 | .494 | .503 | .510 | .15
vogl | -mae | 403 | (a8 | 475 | 405 | ‘a0 | e | s | se4
255 | 346 | 410 | 400 | 495 | m0 | s | ss3 | lses | [&75
ot | csas | ‘wo | (4 | s | Im43 | se6 | 53 | lso8 | leos
282 | T340 | 42 | las2 | 529 | .pe3 | ke8| .60 | .62 | .60
252 | l3st | (432 | 495 | 546 | .81 | .60 | .65 | .65 | -e71
ot | 387  4z0 | (so8 | (bss | .se8 | .62 | ess | les2 | 72
(258 | 364 | .40 | .56 | .50 | .613 | .648 | .680 | .707 | .730

Y _0.975

SPANWISE STATION ;=0

Do 0152 | 0172 | 0.207 | 0.230 | 0263 | 022 | o274 | 027 | 020 | o281 | o282
110 | 166 | .20 | o250 | Lzs | 2o | .oe1 | L.2e4 | 208 | .30 | .301
07 | t1es | ot | cass | (28 | a0t | Csos | 3 | i35 | s | a2
oo8 | .1s | 217 | 269 | .304 | .820 | .33 | .328 | .®3 | .338 | .38
os0 | ciss | amo | g2 | (34 | ss2 | 340 | 34 [-lze0 | 3 | 381
o8l | c1ss | 222 | izs | s | [sa2 | ast | 30 | (3 | .33 | l3s1
orr | Jim | (28 | (283 | ‘zs | as2 | 368 | .34 | 383 | lzer | 400
. 060 . 188 .233 . 205 L343 .373 . 800 . 403 . 415 428 438
068 | ‘181 | ‘22 | (38 | ‘se0 | .ses | 413 | 430 | 448 | 481 | (473
008 | 163 | .248 | (820 | 36 | .48 | .43 | 458 | [a78 | 405 | 510
. 064 . 168 . 255 . 331 .34 . 436 .463 . 488 . 510 . 529 .56
03 | 160 | 23 | (36 | ‘413 | 461 | 403 | lss | s | se0 | 80
os2 |t | lam | (3w | 45 | 4s3 | ms | (s | b0 | e03 | lets

TABLE ITI.—ADDITIONAL SPAN LIFT-DISTRIBUTION

DATA FOR THE ELLIPTICAL WING, ¢ =2 L,

A

b2 Le
0 1.273
.2 1.248
4 1.167
.8 1.019
.8 .764
.9 . 585
.95 .388
975 .283

TABLE IV.—CALCULATION OF LIFT DISTRIBUTION FOR ILLUSTRATIVE EXAMPLE

fﬁ ¢ a0 L L. ter, | CiXey | e IR 1 t Cogoe. | oo X6
0 0.13| o097 | —o.22( 1300] ox27| oeso| 1m0y 12e7| 1Lse| 10Lo| usel —o.083| —co3
2 | s2:| om —178 | 12:8| .0s8| o3| 1L205| L33| 305| 99.0| 107.2| —.07% | —b508
.4 7.30 088 —.018 1.138 .012 1.039 1.248 1.280 .88 9L.0 82.0 —. 067 =3.67
.6 | ezo| .08 Jdor| lgm| —.0/3] 1.038| 1242| L1ed| -466| 7o.6| 747| —080 | —245
.8 5. 43 .009 .160 775 —. 138 . 954 1.145 1.007 —7.48 62.0 5.8 —.062 =15
0 | 49| lom 159 | g5 | —.185| .gsé | Lo6l| .86] -—7.41| 47.7| 40.3) —048 | —.97
.85 3.43 099 .128 . 451 —.175 877 1.053 -878 —8.01 36.2 30.1 —.046 —.54
976 | 247| [0 088 | g2 ~.167| <(se8| 1.078| (000 —413| 266| 24| —o45 | —27
ro [ o (-009) 0 0 0 0 0 0 0 0 o | (—o{ o

a
1c:,-5"“+SL,=-—4m-c—°L,

S 6.67
ter=gple=" La
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TABLE V—SUMMARY OF TEST RESULTS
[Effective Reynolds number, approximately 8, 000, 000]

2 2

Wing! Clmes | oty |Crmed 2| 22| S | O
L5 | 0.0078 201 0.320| 0.047| O
1638 -0077 218 .312 .051 | —.040
La3 . 0076 215 685 (. .051 | —.043
L43 . 0078 188 L108 .084 | —.042
L5l . 0084 180 L1ue .040 .002
L59 . 0092 13 .681 .053 .003
L& 0078 102 . 684 .084 . 004
L48 . 0081 183 .679 . 068 .007
132 . 0082 161 .667 .059 .005

1 The first grou&d numbers designates the mean line of the airfoll sections; the
nextgmuﬁ)]gives angle of sweepback in degrees; the last group gives the angle of
Wt’xshmlt degrees,

Coardinates of the serodynamic center: p Is the distance from the leading edge of
the root chord; and 4 {s the distance above the root chord.
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TABLE VI.—COMPARISON OF CALCULATED AND
EXPERIMENTAL VALUES

Tage
Cu N 310)

Wing

Calcu-{ Experi-| Calcu-| Experi-| Caleu-| Experi-| Calou-| E. 1.
lated |mental | lated | mental | lated megetgl] Iated mfogetfal

SEBRREER
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